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Abstract 

Let n ^ 3. We classify the finite groups which are realised as subgroups of the sphere braid 
group B„(S^). Such groups must be of cohomological period 2 or 4. Depending on the 
value ofn, we show that the following are the maximal finite subgroups o/B„(S^); 'Z2(n-i)! 
the dicyclic groups of order 4n and 4(n — 2); the binary tetrahedral group Ti; the binary 
octahedral group Oi; and the binary icosahedral group I. We give geometric as well as 
some explicit algebraic constructions of these groups in B„{S^), and determine the number 
of conjugacy classes of such finite subgroups. We also reprove Murasugi's classification of 
the torsion elements ofB„{S^), and explain how the finite subgroups of B„{S^) are related 
to this classification, as well as to the lower central and derived series o/B„(§^). 



1 Introduction 

The braid groups B„ of the plane were introduced by E. Artin in 1925 [A11IA2[ . Braid 
groups of surfaces were studied by Zariski [ZJ. They were later generalised by Fox to 
braid groups of arbitrary topological spaces via the following definition [ FoN| . Let M 
be a compact, connected surface, and let n e N. We denote the set of all ordered n-tuples 
of distinct points of M, known as the n configuration space ofM, by: 

f„(M) = {{pi,...,pn) I Pf e M and py if z ¥^ ;} . 
2000 AMS Subject Classification: 20F36 (primary), 20F50, 20E45, 57M99 (secondary). 
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Configuration spaces play an important role in several branches of mathematics and 
have been extensively studied, see |CG. .FH,| for example. 

The symmetric group S„ on n letters acts freely on f„ (M) by permuting coordinates. 
The corresponding quotient will be denoted by D„(M). The n -pure braid group Pn{M) 
(respectively the n braid group B„(M)) is defined to be the fundamental group of F„(M) 
(respectively of D„(M)). 

Together with the real projective plane MP^, the braid groups of the 2-sphere 
are of particular interest, notably because they have non-trivial centre IIGVBl IGGll , 
and torsion elements [VBl IMu[ . Indeed, Van Buskirk showed that among the braid 
groups of compact, connected surfaces, B„(S^) and B„(MP^) are the only ones to have 
torsion [VB]. Let us recall briefly some of the properties of B„(S2) iFVBllGVBllVBll . 

If Q §^ is a topological disc, there is a group homomorphism l: Bn — > B„(§^) 
induced by the inclusion. If /3 g B„, we shall denote its image i(j6) simply by /3. Then 
B„(§^) is generated by (7i, . . . , (7„_i which are subject to the following relations: 

(Tidj = djCi if\i— i\ ^ 2 and 1 ^ z,/ ^ n — 1 
aiai+iai = ai+iaiai+i for all 1 ^ z ^ n — 2, and 

(Ti • • • (r„_2C7-^_iC7-„_2 ■ ■ ■ CTi =1. 

Consequently, B„(S^) is a quotient of B„. The first three sphere braid groups are finite: 
Bi(§^) is trivial, B2(S^) is cyclic of order 2, and B3(S^) is a ZS-metacyclic group (a group 
whose Sylow subgroups, commutator subgroup and commutator quotient group are all 
cyclic) of order 12, isomorphic to the semi-direct product Z3 x Z4 of cyclic groups, the 
action being the non-trivial one, which in turn is isomorphic to the dicyclic group Dici2 
of order 12. The Abelianisation of B„(§^) is isomorphic to the cyclic group 1'2{n-l)- Th^ 
kernel of the associated projection ^ : B„(§^) — > '^7.(n-X) (which is defined by ^(o'; ) = 1 
for all 1 ^ z ^ n — 1) is the commutator subgroup r2 (B„(S^)). If w e B„(S^) then ^(w) 
is the exponent sum (relative to the o",) of w modulo 2(n — 1). 

Gillette and Van Buskirk showed that if n ^ 3 and e N then B„(§^) has an element 
of order k if and only if k divides one of 2n, 2 (n — 1) or 2 (n — 2) fGVBJ. The torsion 
elements of B„ (S^) and B„ (MP^) were later characterised by Murasugi ||Mu , | . For B„ (S ), 
these elements are as follows: 

Theorem 1 r| |Mu| ). Let n ^ 3. Then the torsion elements of Bn{S^) are precisely powers of 
conjugates of the following three elements: 

(a) ciQ = a\ - ■ ■ (7„_2cr„_i (which is of order In). 

(b) ai = (Ti • • • an-2(rl_i (of order 2{n - 1)). 

(c) ^2 = • • • (7-„_3(r^_2 (of order 2{n - 2)). 

The three elements ocq, dci and 1x2 are respectively n, (n — 1) and (n — 2) roots of A„, 
where A„ is the so-called 'full twist' braid of B„(§^), defined by A„ = (tri • • • (r„_i)". So 
B„(§^) admits finite cyclic subgroups isomorphic to Z2„, Z2(„_i) and Z2(„_2)- In IIGG2I , 
we showed that B„(S^) is generated by 0:0 and cci. If n J; 3, A„ is the unique element 
of B„(S^) of order 2, and it generates the centre of B„(S^). It is also the square of the 
Garside element (or 'half twist') defined by: 

T„ = ((7i • • • (r„_i)(cri • • • O-n-2) ■ ■ ■ (c^lC7-2)c^l- 
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For n Ai,Bn (§^) is infinite. It is an interesting question as to which finite groups are 
realised as subgroups of B„(S^) (apart of course from the cyclic groups (a,) and their 
subgroups given in Theorem [T]). Another question is the following: how many conju- 
gacy classes are there in B„(§^) of a given abstract finite group? As a partial answer to 
the first question, we proved in |GG2| that B„(§^) contains an isomorphic copy of the 
finite group 63(8^) of order 12 if and only if n ^ 1 mod 3. 

While studying the lower central and derived series of the sphere braid groups, we 
showed that Y2 (B4(§^)) is isomorphic to a semi-direct product of Qg by a free group 
of rank 2 IIGG3II . After having proved this result, we noticed that the question of the 
realisation of Qg as a subgroup of B„ had been explicitly posed by R. Brown [ATD | | 
in connection with the Dirac string trick [F,'NJ and the fact that the fundamental group 
of SO (3) is isomorphic to Z2. The case n = 4 was studied by J. G. Thompson tThJJ . In a 
previous paper, we provided a complete answer to this question: 

Theorem 2 (BGGl). LetneN^n^ 3. 

(a) B„(§^) contains a subgroup isomorphic to Qg if and only ifn is even. 

(b) Ifn is divisible by 4 then T2 (B„(§^)) contains a subgroup isomorphic to Qg. 

As we also pointed out in |GG4| , for all n ^ 3, the construction of Qg may be gener- 
alised in order to obtain a subgroup {ocq, Tn) of B„(S^) isomorphic to the dicyclic group 
Dic4,j of order 4n. 

It is thus natural to ask which other finite groups are realised as subgroups of B„ (§^). 
One common property of the above subgroups is that they are finite periodic groups 
of cohomological period 2 or 4. In fact, this is true for all finite subgroups of B„(S^). 
Indeed, by [iGG2il , the universal covering X of fn(§^) is a finite-dimensional complex 
which has the homotopy type of S'^ (we were recently informed by V. Lin that X is 
biholomorphic to the direct product of SL(2, C) by the Teichmiiller space of the n- 
punctured Riemann sphere ||Lll)- Thus any finite subgroup of B„(§^) acts freely on 
X, and so has period 2 or 4 by Proposition 10.2, Section 10, Chapter VII of [Br J. Since 
An is the unique element of order 2 of B„(§^), and it generates the centre Z(B„(S^)), 
the Milnor property must be satisfied for any finite subgroup of B„(§^). Recall also 
that a finite periodic group G satisfies the p^-condition (if p is prime and divides the 
order of G then G has no subgroup isomorphic to x Zp), which implies that a Sylow 
p-subgroup of G is cyclic or generalised quaternion, as well as the 2p-condition (each 
subgroup of order 2p is cyclic). The classification of finite periodic groups is given 
by the Suzuki-Zassenhaus theorem (see [AM], IThCIl for example), and thus provides a 
possible line of attack for the subgroup realisation problem. The periods of the differ- 
ent families of these groups were determined in a series of papers by Golasihski and 
Gongalves IIGoGll IGoG2l |GoG3l IGoG4l IGoGSl IG0G6II , and so in theory we may obtain 
a list of those of period 4. A list of all periodic groups of period 4 is provided in P ThCI . 



However, tn the current context, a more direct approach is obtained via the relation- 
ship between the braid groups and the mapping class groups of which we shall 
now recall. 

For n G N, let A^o,m denote the mapping class group of the n-punctured sphere. We 
allow the n marked points to be permuted. If n ^ 2, a presentation of A1o,n is obtained 
from that of B„(S^) by adding the relation A„ = 1 | |MairMKSJ . In other words, we have 
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the following central extension: 



1 ^ <A„> ^ B„ (S2) JUMo,n^l. (1) 

If n = 2, 62(8^) ^ A^o,2 = ^2- For n = 3, since A^o,3 = S3, this short exact sequence 
does not split, and in fact for n ^ Ait does not split either [|GVB[ . 

This exact sequence may also be obtained in the following manner [|Bi||. Let Diff """(S^) 
denote the group of orientation-preserving homeomorphisms of S^, and let X e D„ (S^). 
Then Diff+(S2,X) = {/ e Diff+(§2) | /(x) = X} is a subgroup of Diff+(S2), and we 
have a fibration Diff+(§2,X) — > Diff+(S2) — . D„(S2), where the basepoint of Dn{S'^) 
is taken to be X, and where the second map evaluates an element of Diff'''(§2) on X. 
The resulting long exact sequence in homotopy yields: 

> TTi (Diff+(§^X)) m (Diff+(§2)) 7ri(D„(§2)) 



6 



no (Diff+(S2,X)) no (Diff+(§2^) . (2) 



Mo,n ={1} 

The homomorphism S : Bn{SP-) — > ■M.o.n is the boundary operator which we shall use 
in Section |3] in order to describe the geometric realisation of the finite subgroups of 
B„(§2). If n ^ 3 then m (Diff +(§2, X) ) = {1} lEllffiHScIl, and we thus recover equa- 
tion ([1]) (the interpretation of the Dirac string trick in terms of the sphere braid groups IIH 
iHnllNj gives rise to the identification of tti (Diff+(S2)) with <A„». 

In a recent paper, Stukow applies Kerckhoff 's solution of the Nielsen realisation 
problem [KJ to classify the finite maximal subgroups of A^o,« lEl. Applying his results 
to equation we shall see in Section |2] that their counterparts in Bn(§2) are cyclic, 
dicyclic and binary polyhedral groups: 

Theorem 3. Let n ^ 3. The maximal finite subgroups ofBn{S>^) are: 

(a) Z2(„_i) ifn ^ 5. 

(b) the dicyclic group Dic^n of order 4n. 

(c) the dicyclic group Dic4^(^fi_2) ifn = 5 or n ^7. 

(d) the binary tetrahedral group, denoted by Ti, ifn=4 mod 6. 

(e) the binary octahedral group, denoted by 0\, ifn = 0, 2 mod 6. 

if) the binary icosahedral group, denoted by I,ifn = 0, 2, 12, 20 mod 30. 

Remarks 4. 

(a) If n is odd then the only finite subgroups of B„(S2) are cyclic or dicyclic. In the latter 
case, the dicyclic group Dic4„ (resp. Dic4(„_2)) is ZS-metacyclic | |CM| , and is isomorphic 
to Z„ X Z4 (resp. Z„_2 x Z4), where the action is multiplication by —1. 

(b) If n is even then one of the binary tetrahedral or octahedral groups is realised as a 
maximal finite subgroup of B„(§2). Further, since Ti is a subgroup of Oi, Ti is realised 
as a subgroup of B„(S2) for all n even, n ^ 4. 

(c) The groups of Theorem|3]and their subgroups are the finite groups of quaternions IICol . 
Indeed, for p,q,r e N, let us denote 

{p,q,r) = (A,B,C | = B'? = C = ABC). 
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TlienZ2(„_i) ={n-l,n- 1,1), Dic4„ = <n,2,2>, Dic4(^= <n -2,2,2), Ti = <3,3,2>, 
Oi = <4,3,2> and I = {5,3,1). It is shown in BCol ICMl that for Ti, Oi and 7, this 
presentation is equivalent to: 

<P,3,2> = /a,B AP = B^ = {AB) 



for p e {3, 4, 5}, and that the element AP is central and is the unique element of order 2 
of<p,3,2>. 

In Section 121 we also generalise another result of Stukow concerning the conjugacy 
classes of finite subgroups of A1o,w to B„(S^): 

Proposition 5. 

(a) Two maximal finite subgroups ofBn{S^) are isomorphic if and only if they are conjugate. 

(b) Each abstract finite subgroup G o/B„(S^) is realised as a single conjugacy class within 
B„(§^), with the exception, when n is even, of the following cases, for which there are precisely 
two conjugacy classes: 

(i) G = Z4. 

(ii) G = Dic^r, where r divides \ or 

In Section |3l, we explain how to obtain geometrically the subgroups of Theorem |3l 
and we also give explicit group presentations of the cyclic and dicyclic subgroups, as 
well as in the special case T\ for n = 4. 

In order to understand better the finite subgroups of B„(§^), it is often useful to 
know their relationship with the three classes of elements described in Theorem [H This 
shall be carried out in Proposition [T5l (see Section H). 

The two conjugacy classes of part ©(0) are realised by the subgroups (ocllj and 



^(w 2)/2\^ (they are non conjugate since they project to non-conjugate subgroups in 
Sn). In Section |5l we construct the two conjugacy classes of part ©(mi) of Proposition |5l 

Theorem 6. Let n ^ A^be even. Let N e {n,n — 2], and let x = <xq (resp. x = a.oa.2(x.Q^) if 
N = n (resp. N = n — 2). Set N = 2^k, where I e N, and k is odd. Then for j = 0,1, . . . ,1, and 
q a divisor ofk, we have: 

(a) B„(§^) contains 2^ copies ofDic2i+2-jj^/^ of the form <^x^^'?, x'^T„^, where i = 0, 1, . . .,2^ — 
1. 

(b) ifO ^ z, i' ^ 2-' — 1, (x^''^, x^^Tn \ and (x^''^, x'''^Tn ) are conjugate if and only ifi — i' is 



even. 



Another question arising from Theorem |2] is the existence of copies of Qg lying in 
r2(B„(S2)). More generally, one may ask whether the dicyclic groups constructed above 
(and indeed the other finite subgroups of B„(S^)) are contained in r2(B„(S^)). In the 
dicyclic case, we have the following result, also proved in Section |5l 

Proposition 7. Let n ^4 be even, let N e {n,n -2}, and let r divide N. If r does not 
divide N/2 then the subgroups o/B„(§^) abstractly isomorphic to Dic^r a^e not contained in 
r2(B„(§^)). If r divides N/2 then up to conjugacy, B„(S^) has a two subgroups abstractly 
isomorphic to Dic^r, one of which is contained in r2(B„(§^)), and the other not. In particular, 
B„(S^) exhibits the two conjugacy classes of Qg, one of which lies in r2(B„(S^)), the other not. 



The corresponding result for the binary polyhedral groups may be found in Propo- 
sition [161 As a corollary of our results we obtain an alternative proof of Theorem [T] (see 
Section [6l). 
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2 The classification of the finite maximal subgroups of 

In this section, we prove Theorem |3l We start by making some remarks concerning the 
central extension ([T]). 

Remarks 8. Let G be a finite subgroup of Bm(§^). 

{a) If H is a finite subgroup of A1o,m then (H) is a finite subgroup of B„ (§^) of order 
2|H|. 

{h) If |G| is odd then A„ ^ G, and so G ^ p(G). Conversely, if G ^ p(G) then p|g is 
injective, and thus A„ ^ G, so | G | is odd. 

{c) If I G| is even then A„ e G, and so we obtain the following short exact sequence: 

1 (An) -^G^ p(G) 1, (3) 

iGl 

where p(G) is a finite subgroup of A1o,n of order -f-^. 

(d) If G is a maximal finite subgroup of B„(§^) then |G| is even, and p(G) is a maximal 
finite subgroup of Aio,n- Conversely, if H is a maximal finite subgroup of A^o,« then 
p~^{H) is a maximal finite subgroup of B„(S^). 

We recall Stukow's theorem: 

Theorem 9 (BStl). Let n ^ 3. The maximal finite subgroups of Aio^n 
(a) Z„_i ifn ^ 4. 

(h) the dihedral group D2n of order 2n. 

(c) the dihedral group D2(„_2) ifn = 5 or n ^ 7. 

(d) A^ifn= 4, 10 mod 12. 

(e) S^ifn = 0, 2, 6, 8, 12, 14, 18, 20 mod 24. 

(f) A^ifn= 0, 2, 12, 20, 30, 32, 42, 50 mod 60. 
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Remark 10. In the case n = 3, A1o,3 is isomorphic to Dg, obtained as a maximal sub- 
group in part (b) of Theorem |9l and so its subgroup isomorphic to TLi is not maximal. 
This explains the discrepancy between the value of n in part (a) of Theorems |3] and HI 

Proof of Theorem\3\ By Remarks HI we just need to check that the given groups are those 
obtained as extensions of <A„) by the groups of Theorem HI We start by making some 
preliminary remarks. Let H be one of the finite maximal subgroups of A^o,n/ and let 
G be a finite (maximal) subgroup of B„(S^) of order 2\H\ which fits into the following 
short exact sequence: 

1 (An) ^G^H^l, (4) 

where A„ e G belongs to the centre of G, and is the unique element of G of order 2. 
Then G = p~^{H), and so is unique. 

Suppose that y e H is of order k ^ 2. Then y has two preimages in G, of the form x 
and xAn, say, and x is of order k or 2k. If k is even then by Remarks HHc)), x must be of 
order 2k, x^ = A„ and A„ e (x). If k is odd then x is of order k (resp. 2k) if and only if 
xAn is of order 2k (resp. k). 

A presentation of G may be obtained by applying standard results concerning the 
presentation of an extension (see Theorem 1, Chapter 13 of yj). If H is generated by 
hi,...,h]( then G is generated by gi,... ,gk, A„, where J}{gi) = hi for i = 1,. . . ,k. One 
relation of G is just A^ = 1, that of Ker (p). Since Ker (p) c Z(G), the remaining relations 
of G are obtained by rewriting the relators of H in terms of the coset representatives, 
and expressing the corresponding element in the form A^, where e e {0, 1}. 

We consider the six cases of Theorem |9] as follows. 

(a) H = Z„_i: let y be a generator of H, and let x g G be such that p{x) = y. Then 
G = (A„,x> and |G| = 2(n — 1). If n is odd then A„ e (x>, G = (x), and x is of order 
2(n — 1). If n is even then G = (xA„> (resp. G = if x is of order n — 1 (resp. 2(n — 1)), 
and G = Z2(„_i) in both cases. 

(b) H ^ D2n: let y,z g H be such that o(y) = n, o(z) = 2 and zyz~^ = y~^, and let 
x,w G G be such that p{x) = y and p{w) = z. So G = (A„,x,w) and |G| = 4n. From 
above, it follows that = A„, so G = (x, w). If n is even then x is of order 2n and 
x" = A„. The same result may be obtained if n is odd, replacing x by xA„ if necessary. 
Further, wxiv~^x e Ker(p). If wxw~^x = A„ then (wx)^ = 1. So either w = x~^ or 
wx = An, and in both cases we conclude that G = (x) which contradicts |G| = 4n. 
Hence wxw~^x = 1, and since |G| = 4n, G is isomorphic to Dic4„. 

(c) H ^ D2(„_2): the previous argument shows that G ^ Dic4(„_2). 

(d) Suppose that H is isomorphic to one of the remaining groups A4, S4 or A5 of The- 
orem 111 Let p = 3 if H ^ A4, p = 4 if H ^ S4, and p = 5 if H ^ A5. Then H has a 
presentation given by PCoilCMn : 



H = (u,v 



= = (uvy 



Let X, w G G be such that p(x) = 1/ and p{w) = v. Then G = (x, w, A„>. From above, 
we must have x^ = A„. Further, replacing w by wA„, we may suppose that = A„. 
If p = 4 then (xk;)P = A„, while if p g {3,5}, replacing x by xA„ if necessary, we may 
suppose that {xwy = An- It is shown in llCol ICMil that x'^ = = (xwy = A„ implies 
that A^ = 1, so G admits a presentation given by: 



G = (x,w 



x^ = 10^ = {xw) 
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Thus G = Ti if p = 3, G = Oi if p = 4 and G = I if p = 5. This completes the proof of 
the theorem. 

□ 

Remarks 11. Let Gi, G2 be finite subgroups of B„(S^). 

(a) If they are of odd order then by Remarks HI Gi and G2 are isomorphic if and only if 
p(Gi) and p(G2) are isomorphic. So suppose that Gi and G2 are of even order. If p(Gi) 
and p(G2) are isomorphic then it follows from the construction of Theorem |3] that Gi 
and G2 are isomorphic. Conversely, suppose that Gi and G2 are isomorphic via an iso- 
morphism oc : Gi — > G2. Since A„ belongs to both, and is the unique element of order 2, 
we must have a;(A„) = A„, and thus a induces an isomorphism a: p(Gi) — > piGi) sat- 
isfying a. o p = p o a. 

(b) If Gi,G2 are conjugate then clearly so are p(Gi) and p(G2). Conversely, suppose 
that p(Gi), p(G2) are conjugate subgroups of M.Q,n- Then there exists g e A^o,m such 
that p(G2) = gp{Gi)g~^. If Gi and G2 are of even order, the fact that equation ([1]) is a 
central extension implies that Gi, G2 are conjugate. If Gi and G2 are of odd order, let 
Li = p~^(p{Gi)) for i = 1,2. Then [L, : G,] = 2, and it follows from the even order case 
that Li and L2 are conjugate in B„(S^). But = G, ]J A„Gf, and its odd order elements 
are precisely those of G/. So the conjugacy between Li and L2 must send Gi onto G2. 

We are now able to prove Proposition |5l 

Proof of Proposition^ Part daj) follows from Remarks [8l and [TTI To prove part ©, let 
Gi,G2 be abstractly isomorphic finite subgroups of B„(§^), and for i = 1,2, let H, = 
p{Gi). Then Hi = H2: if the G/ are of odd order then ^ Gf, so Hi = H2, while if the 
G; are of even order, any isomorphism between them must send A„ g Gi onto An e G2, 
and so projects to an isomorphism between the H,. From Remarks [TTi|b]), Gi and G2 
are conjugate if and only if Hi and H2 are, and so the number of conjugacy classes of 
subgroups of Bn (S^) isomorphic to Gi is the same as the number of conjugacy classes of 
subgroups of Aio^n isomorphic to Hi. The result follows from the proof of Theorem |3] 
by remarking that a subgroup of A1o,n isomorphic to Z2 (resp. D2r) lifts to a subgroup 
of Bn (S^) which is isomorphic to Z4 (resp. Dic4^). □ 

3 Realisation of the maximal finite subgroups of B„(S^) 

In this section, we analyse the geometric and algebraic realisations of the subgroups 
given in Theorem |3l 

3.1 The algebraic realisation of some finite subgroups of B„(§^) 

The maximal cyclic and dicyclic subgroups of B„(S^) may be realised as follows: 

(a) Z2(„_i) ^ <ai>. 

(b) Dic4„ = <ao, Tn) fGGl. 

(c) The algebraic realisation of Dic4(„_2) is given by the following proposition: 
Proposition 12. For all n ^ 3, the subgroup (^a.Qa.2a.Q^,Tn'^ o/B„(S^) is isomorphic to 

DZC4(„_2). 
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Proof. Let x = a.Qa.20CQ^. We know that x is of order 2(n — 2), and that x"~^ = A„ = T^. 
Further, by standard properties of the corresponding elements in B„ [iBil, aodiiXQ^ = 
ai+i for all z = 1, . . . , n — 2, and TnCfTn^ = o-n-i for all z = 1, . . . ,n — 1. Hence x = 
0-2- ■■ crn-20-l_y and 

T„xT-^ = (r„_2 • • • cr2crl = (T~\(t~\ ■ ■ ■ (^2^ = 

Thus (x, Tn) is isomorphic to a quotient of Dic4(„_2). But Tn ^ (x), so {x, Tn} contains 
the 2(n — 2) + 1 distinct elements of (x) u {Tn}, and the result follows. □ 

Remark 13. In the special case n = 4, the binary tetrahedral group Ti may be realised 
as follows. Let y = a\a^^. From [jGG4| , we know that (y, T^} ^ Qg. In B4(S^), we also 
have (c7"2(7i)'^ = (c72C^3)'^ = A4 = r|. Then <^a^^ ^ Z3 acts on (y, 74) as follows: 

• T4 • = ft;2(T'4a;^^r^"^)T4 

= Di\{a^-^(T2^(T^^)^Ti^ (by the action of 74) 

= ((72(73)^74 (using the surface relation of B„(§^)) 

= (71(72(73(71(72(71 • (7f V2"Vf ^ • (73(7i(72(73(72"^r| (aS T| = ((72(73)^) 

= T4(7^^(72"^(73(72(73(72"^r4 (as a\ commutes with (73) 
= T4(7^^(73r| (by the Artin braid relations) 
= T^y~ = y (by the action of T/^ on y). 

Further, 

(x\-y ■ a.^^ = ((7^~-^(72"-^)^ ■ (71(73"-^ • ((72(7i)^ 

110 11 

= ((7^~ (72~ ) • c^3~ t7'2~ • ((72(7i) (as (7i commutes with (73) 
= a^^a^^a^^ ■ 0^2^ cr^^ (^2^ ■ T4 (as Tf = ((72(7i)^) 

111111 

= (7^~ (72~ (7^~ Vg" (72~ Vg" ■ r| (by the Artin braid relations) 

= T^^yTl = T/^y (since T| is central). 
Hence Ti = Qg x ^3 = (y, W x (af). 

Remark 14. We also have an algebraic representation of Ti in B(,(E>^). Let 

7 = (75(74(7j"^(72"^, and 

Then we claim that (7, ^) ^ Qg >^ ^3 = 7^1/ where the action permutes the elements 
z,;, of Qg- First, 7^ = = Ag. We now consider the subgroup H = ^^,7^7"^). The 
action of conjugation by 7 permutes cyclically the elements d, ^d^~^ and 7(J^7~^, so is 
compatible with the action of Z3 on Qg. It just remains to show that H ^ Qg. Clearly 
= (7^7~^)^ = Ag. Let us now prove that 

-7^7-1 = 7CJ-I7-1. (5) 
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Set p = cTscr^cT^, 7' = pjp ^ and S' = p5p ^. Then equation (O is in turn equivalent to: 

5'-^ ■ ib'i-^ ■ 5' = id'-^i-^ 
d'-^i5'i-^6'^5'-^i5'i-^ = 1 
\&'-\if = 5'-^ = t^,. 

We shall show that the latter relation holds. Notice that 

y = (r5(r4(73(75(74(7j"V2"V3"V^V5"^ = 0-504 (75 (73 (740:0. 

Then 

[y-i,y] = (75-V-V5-V2(7i(72 ■ (75 (74 (75 (73 (74^0 • (f-'^CT^'^cr-'^cr^cr^cr^ ■ a-V-V3-Vg-V^V5"^ 

= (72A:oC75~-^A;oC72"-^(7~^(72"-^ 0^50^4(75(75(74(730^20^1 (7~^(73"^^^ 

_i _i _i _i _i _i _i _i _i _i _i _i 
= a"2'^0C^5 i^0C^2 '^l ^1 '^S'^S ^^2 '^l ^^4 ^^3 '^S ^^4 '^S 

—1 —1 —1 —1 —1 —1 —1 —1 —1 —1 —1 —1 —1 
= a"2^^0C^5 t^0C^2 ^'o^X ^1 ^3 ^4 ^5 ^l^i ^2 ^1 ^3 ^4 ^5 

= cr2(X.ocr^^(XQCr2^cr5a.ocricr2^a.o 

_l _l 2—1 —2 3 —1 —3 4 
= a"2'^0C^5 '^o '^0^2 '^S^O '^O^'i-^2 '^0 "^0 

—1 —1 —1 4 —1—14 

= C^2T 0^4 ViOTjOr^ = a2T ViO^g Vg, 

since conjugation by olq permutes cyclically the elements di, a2, 0^3, 0^4, 0^5 and t = dcqct^dcq^. 
Thus 

[5'~^,^'f = a2T~^(r\a^^ixla2T~^(r\cr^^oiQ^oil = cr2T~^(r\a^^ra~^a^a~^oil. 

Let ^ = cr2T~^aicr^^Tcr^^a5a^^. To prove that 7']^ = A6 = suffices to show 
that ^oil = l. Now 

= or2T"Vior5-iTor-V5or3-V^ = o-20Coa~'^ cTia'^ aoasa''^ CT^^ o'sa-'^ 
= cr2(XoCr^^a.o(T5a.Q^ (7^^ cr^cr^^ (740-2^0.0 = a2(X.oCr^^a.Q(T5(T^^(74Cr2^a3(7^^ 
= cr2cricr2cr3a4cri(T2cr3a4a^(T4(T3cr^^cr^^a^^a^a2^a30'^^ 
= 0'ia2cr\a3a4a^^0'2^a^^a^^a2^0'j,a^^ = 1. 

This proves the claim, so (7, 5^ ^Ti. 

3.2 The geometric realisation of the finite subgroups of B„ (§^) 

The geometric realisation of the finite subgroups may be obtained by letting the corre- 
sponding subgroup of A^o,n act on the sphere with the n strings attached in an appro- 
priate manner. For the subgroups Dic4„, 1'2{n-\) arid Dic4(„_2), we attach strings to n 
symmetrically-distributed points (resp. n — 1, n — 2 points) on the equator, and (resp. 
1, 2) points at the poles. For Ti, 0\ and 1, the n strings are attached symmetrically with 
respect to the associated regular polyhedron (for the values of n given by Theorem |3l) 
in the following manner. 
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(d) Let H = A4 be the group of orientation-preserving symmetries of the tetrahedron. 
Then n = 6fc + 4, ^ 0, and we take k equally-spaced points in the interior of each edge, 
plus one point at each vertex (or face). 

(e) Let H = S4 be the group of orientation-preserving symmetries of the cube (or octa- 
hedron). 

(i) n = 12k, k e N: take k equally-spaced points in the interior of each edge. 

(ii) n = 12k + 2, k e N: take k — 1 equally-spaced points in the interior of each edge, 
plus one point at each vertex and on each face. 

(Hi) n = 12k + 6,k^0: take k equally-spaced points in the interior of each edge, plus 
one point on each face. 

(iv) n = 12k + 8,k ^ 0: take k equally-spaced points in the interior of each edge, plus 
one point at each vertex. 

(f) Let H = A5 be the group of orientation-preserving symmetries of the icosahedron 
(or dodecahedron), which has 12 faces, 30 edges and 20 vertices. 

(i) n = 30k, k eN: take k equally-spaced points in the interior of each edge. 

(ii) n = 30k + 2, k e N: take k — 1 equally-spaced points in the interior of each edge, 
plus one point at each vertex and on each face. 

(Hi) n = 30k + 12,k ^ 0: take k equally-spaced points in the interior of each edge, plus 
one point on each face. 

(iv) n = 30k + 20,k ^ 0: take k equally-spaced points in the interior of each edge, plus 
one point at each vertex. 

In each case, the action of the given group H of symmetries yields the corresponding 
maximal finite subgroup of Bjj(S^). This follows essentially from the definition of the 
boundary operator d: 7ri(D„(§^)) — > tzq (Diff """(S^, X) ) in the long exact sequence ^ 
which we now describe in detail in our setting. As in Section [H let X be the basepoint 
in D„ (§2), and let xp : Diff +(§2) — > Dn (S^) denote evaluation on X. So if g e Diff +(§2) 
then \p{g) = g{X). Let Idg2 be the basepoint in Diff+(§2), so that ^(Id^i) = X. Let 
^ e Bn (S^) be a braid, and let / : [0, 1] — > D„ (S^) be a geometric braid which represents 
|6. So /(O) = /(I) = X, and the loop class (f) in B„(S2) is equal to ^. Then / lifts to 
/: [0,1] — > Diff+(§2) which satisfies /(O) = Id§2 and xp o f = f. Hence xp o f{l) = 
/(I) = X, and thus /(I) belongs to the fibre Diff"'"(S2, X). Geometrically, / is an isotopy 
of §2 which realises /3 on the points of X. Neither / nor the corresponding endpoint / (I) 
are unique, however all of the possible / (1) belong to the same connected component of 
Diff'''(S2, X), and so determine a unique element, denoted [f{l)], of ttq (Diff+(§2,x)), 
which is the image under d of j6. Thus if / is an isotopy of which realises j6, d(p) is 
the mapping class of the homeomorphism /(I), and corresponds geometrically to just 
remembering the final homeomorphism (in particular, one forgets the strings of j6). 

Conversely, if g e Diff +(§2) satisfies g{X) = X, let h : [0, 1] — > Diff +(§2) be an iso- 
topy from h{0) = Id§2 to h{l) = g. Then o ^ is a loop in D„(S2) based at X, so describes 
a geometric braid obtained by attaching strings at the points of X and following the iso- 
topy h. In §2 X [0,1], the strings are given by {(V' °^(0'0}te[0,i] = {(^(0(X)'0}ie[0,i]- 
Thus {xp oh) e Bn{SP-) is a braid, and by the above construction, d{('^ o h}) = [h{l)] = [g]. 
In other words, a choice of isotopy h between the identity and g e Diff """(S^, X) allows 
us to lift the mapping class [g] to a preimage /3 = (xp oh} under d which is obtained 
geometrically by attaching strings to X during the isotopy h. 
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Let r: [0,1] — Diff """(S^) denote rigid rotation through an angle In. So r(0) = 
r(l) = Id§2, the loop class <r) generates n\ (Diff"^(S^)) ^ Z2, and thus (ij) or) = i/'*((r» = 
An since i/^* : tti (Diff"'"(§^)) — > B„(§^) is injective. The second preimage of \g] under 
d is obtained by considering the isotopy h' : [0, 1] — > Diff """(S^) which is the isotopy h 
followed by r. The braids (ip o h) and (xp o h'} differ by (tp or) = A„, and thus define the 
two preimages of \g] under d. 

Finally, each finite subgroup H of Aio,n is realised by a finite subgroup of isome- 
tries of §^ (which are the finite subgroups of SO(3)) [KJ. Each element of H admits 
two preimages in B„(§^) which differ by A„. These preimages thus make up the finite 
subgroup d~^{H) of B„(§^) whose order is twice that of H. 

4 Position of the finite subgroups of B„ (S^) relative to Mura- 
sugi's classification 

Let n ^ 4 be even. For i = 0, 1, 2, let G; be the set of torsion elements of B„(§^) whose 
order divides 2(n — i). Equivalently by TheoremlH G, is the set of conjugates of powers 
of aj. Notice that G, is invariant under conjugation, G; n Gy = (A„) for all ^ z < ; ^ 2, 
and Go u Gi u G2 is the set of torsion elements of B„(§^). For many purposes, it is 
often useful to know where a finite subgroup H of B„(S^) lies relative to the G;. In this 
section, we carry out this calculation for all such subgroups. 

Proposition 15. Let H be a finite subgroup ofBn (S^) of order greater than or equal to 3. 
(l) Suppose that H is cyclic. 

(a) if\H\ =4 and n is even then there exists a subgroup H' o/B„(S^) isomorphic to Z4 non- 
conjugate to H. One ofH, H' lies in Go, while the other lies in G2. 

(b) if either \H\ =4 and n is odd, or if \H\ 7^ 4 then H c Gi, where \H\ \ 2(n — i), and 
{0,1,2}. 

(U) Suppose that H is a subgroup of a maximal non-cyclic subgroup ofBn{S>^). 

(a) If H is a non-cyclic subgroup contained in Dic^n or Dzc4(„_2) then it is itself dicy die, of the 
form DiCi^^, where k> 1 divides norn—2 respectively. Further: 

(i) ifn is odd then H <^ Gi^ Gi, where i e {0,2} and \ H\ \ 4(n — i). 

(ii) Suppose that n is even. 

(1) ifk I n (resp. k \ n — 2) but k )( j (resp. k j then H lies in Gq u G2 and meets both 
Go and G2. 

(2) ifk I J (resp. k \ then there exists another subgroup H' of Bn{S>^) isomorphic to Dic^]^ 
but non conjugate to H. In this case, one ofH, H' is contained wholly within Gq (resp. G2), and 
the other lies in Gq u G2 and meets both Go and G2. 

(b) Suppose that H is a subgroup of a copy of Ti in the case that Ti is maximal. 

(i) IfH ^ Ti then H lies in Go u Gi (resp. G2 u Gi) ifn = 4 mod 12 (resp. n = 10 mod 12), 
and meets both Gq (resp. G2) and Gi. 

(ii) IfH is isomorphic to Z3 or Zg then it is contained in Gi. 

(Hi) If H is isomorphic to Ij^ or Qg then it is contained in Goifn =4 mod 12, and in G2 if 
n = 10 mod 12. 

(c) Suppose that H is a subgroup of a copy of I in the case that I is maximal. 
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(i) If H is isomorphic to I then H is contained in Gq (resp. G2) ifn = mod 60 (resp. n = 
2 mod 60), and lies in Gq u G2 and meets both Gq and G2 ifn = 12, 20, 30, 32, 42, 50 mod 60. 

(ii) IfH is isomorphic to Z3 or Zg then it is contained in Gq if n = 0,12 mod 30, and in G2 if 
n =2, 20 mod 30. 

(Hi) IfH is isomorphic to Z5 or Zio then it is contained in Goifn = 0,20 mod 30, and in G2 
ifn = 2, 12 mod 30. 

(iv) IfH is isomorphic to Z4 or Qs then it is contained in GQifn = 0, 12, 20, 32 mod 60, and 
in G2ifn = 2, 30, 42, 50 mod 60. 

(v) If H is isomorphic to Ti or to Dic\2 then it lies in Goifn = 0, 12 mod 60, in G2ifn = 
2,50 mod 60, and lies in Gq u G2 and meets both Gq and G2ifn = 20,30,32,42 mod 60. 

(vi) IfH is isomorphic to Dic2o then it lies in Goifn = 0,20 mod 60, in G2ifn= 2,42 mod 
60, and lies in Gq u G2 and meets both Gq and G2 ifn = 12, 30, 32, 50 mod 60. 

(d) Suppose that H is a subgroup of a copy ofO\ in the case that Oi is maximal. 

(i) If H is isomorphic to Oi then it lies in Gq z/ n = mod 24, in G2ifn =2 mod 24, and 
lies in Gq u G2 and meets both Gq and G2 ifn = 6, 8, 12, 14, 18, 20 mod 24. 

(ii) If H is isomorphic to Ti then it lies in Goifn = mod 12, in G2ifn = 2 mod 12, and 
lies in Gq u G2 and meets both Gq and G2ifn = 6, 8 mod 12. 

(Hi) IfH is isomorphic to Qig then it lies in Goifn = 0,8 mod 24, in G2ifn = 2, 18 mod 24, 
and lies in Gq u G2 and meets both Gq and G2ifn = 6, 12, 14, 20 mod 24. 

(iv) IfH is isomorphic to Dic\2 then it lies in Goifn = 0,6 mod 24, in G2ifn = 2,20 mod 
24, and lies in Gq u G2 and meets both Gq and G2ifn = 8, 12, 14, 18 mod 24. 

(v) IfH is isomorphic to Zg then it lies in Gq ifn = 0,8 mod 12, and in G2 ifn = 2,6 mod 12. 

(vi) If H is isomorphic to Z4 then there exists another non-conjugate subgroup H' of Bn{S^) 
isomorphic to Z4. One of H, H' is contained in Gq if n = 0,8 mod 12, and in G2 if n = 
2, 6 mod 12, while the other is contained in Goifn = 0, 6, 8, 14 mod 24, and to G2ifn = 
2, 12, 18, 20 mod 24. 

(vii) If H is isomorphic to Qg then there exists another non-conjugate subgroup H' of B„{'S>'^) 
isomorphic to Qg. One of H,H' is contained in Gq if n = 0,8 mod 12, and to G2 if n = 
2, 6 mod 12, while the other lies in Goifn =0,8 mod 24, in G2 ifn = 2, 18 mod 24, and lies 
in Gq u G2 and meets both Gq and G2ifn = 6, 12, 14, 20 mod 24. 

(viii) IfH is isomorphic to Z3 or Zg then it lies in Gq ifn = mod 6 and in G2 ifn = 2 mod 6. 

Proof Let H be a finite subgroup of B„(S'^) of order at least three. 

(I) Suppose first that H is cyclic. Since Gj n Gy = <A„) and |(a;>| = 2(n — z), the order of 
H is sufficient to decide where H lies, unless n is even and H is of order 4, in which case 
there is another non-conjugate subgroup H' isomorphic to Z4. One of H, H' is conjugate 

to '^a;q'^^^ which is contained in Gq, while the other is conjugate to <^a;2"~^''^^^ which lies 

in G2- These two cases may be distinguished easily by checking the permutation of a 
generator of H, H'. 

(II) Now suppose that H is a subgroup of a maximal non-cyclic subgroup of B„(§^). 
We consider the possible cases in turn. 

(a) Firstly, let H be a subgroup of the dicyclic group Dic4„, which up to conjugation 

may be assumed to be (ix.q, Tn) = (a^o) U Tn (^^o)- We first suppose that n is odd. Then 
(a;o) <= Go, and the coset T„ (ixq) consists of the elements of Dic4„ of order 4, so lies in 
G\. The group Dic4„ fits into a short exact sequence: 

1 — > Z„ — > Dic4„ ^ Z4 — > 1. 
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If g{H) = -[O}, then H < Z„, and H is cyclic, of order dividing n, so lies in Gq. If 
g{H) = {0,2}, then H < TLin, and again H is cyclic, of order dividing 2n, so lies in Gq. 
Finally, if = Z4 then we have 

1 ^ H n Z„ — . H ^ Z4 ^ 1, 

and H = Zjt X Z4, where k divides n.\ik = \ then H = TL/^. Since n is odd, H must then 
lie in Gi- So suppose that > 1. Then H = Aig^'^, T„\ is dicyclic, and so lies in Gq u Gi. 



Now suppose that n is even. Then Dic4„ fits into the following short exact sequence: 

1 > "L^n ^ DiC4M — ^ ^2 ^ 1- 

If /(H) = {0} then H c Z2n and so lies in Gq. If /(H) = Z2 and H n Z2n were of odd 
order, then H would be both dicyclic and of order twice an odd number, which cannot 
occur. So suppose that /(H) = Z2 and H n Z2n is of even order, Ik, say, where k \ n. 
\ik = \ then H = Z4, and H may lie in Gq or G2 depending on the permutation of its 
generators. So suppose that k^l. Then H is dicyclic of order 4A:. Now 

DiC4„ = ^^^0^ W Tn (o^Q^ U ^nlX-O {^q 

The inclusions follow from the fact that the elements of r„ {^q^ (resp. TnOiQ (oi^) are 
conjugate (in Dic4„), T„ e Go, and 

n{Tn(Xo) = (1, n) (2, n - 1) • • • (|, I + l) (1, n, . . . , 2) 

= (n) (I) (1, n - 1) (2, n - 2) (3, n - 3) ■ ■ ■ (I - 1, 1 + 1) , 

where n : Bn (S^) — > Sn denotes the homomorphism defined on the generators by n{(ri) 
(i, i + 1). Thus TnOiQ e G2. 

lik )( J then by Proposition |5l there is just one conjugacy class of Dic4fc of the form 

'>^o^^, Tfi \ and since n jk is odd, we have 



Die 




4lc 



In particular, all of the elements of Dic4;t of order 4 belong to G2. Thus Dic4fc n (Go\G2) 7^ 
and Dic4fc n(G2\Go) 7^ 0. 

lfk\j then by Proposition |5l there are two non-conjugate copies of Dic4jt given by 

Tn) = \'>^o^/ U Tn (oil/' 




and 



:Go CG2 
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The first copy lies entirely within Gq, while the second lies in Gq u G2 and meets both 
Gq\G2 and G2\Go. 

A similar result holds for Dic4(„_2): its subgroups are either subgroups of ^2{n-2)' 
so lie in G2, or else are dicyclic, of the form Dic^^, where k \ n — 2. If k = 1 then the 
subgroup in question is <T„> which lies in Gq. If > 1 then as above, we distinguish two 
cases. If j then there is just one copy of Dic^j^ which lies in Gq u G2 and meets both 

Go\G2 and G2\Go. If k \ then setting 0.2 = aoa.20i.Q^, there are two copies of Dic4fc, 

{oc^^ , Tn^, which lies in Gq u G2 and meets both Go\G2 and G2\Go, and (^^^^ ,oi!{[yi^, 

which is contained in G2. 

Qo) Suppose that H is a subgroup of a copy of T\ when T\ is maximal, so n = 4 mod 6. 
Assume first that H ^ Ti. Since H ^ Qs >i Z3, all of its order 4 elements are conjugate, 
and so all elements of Qs must lie in the same Gj. Now Qs = Dies, so from above, 
we must be in one of the cases 2 ^ or 2 | Indeed if n = 4 mod 12 then n = 

4 + 121 = 4(1 + 3/), I e N, and so Qg is contained in Gq, while if n = 10 mod 12 then 
n = 10 + 12Z = 2(5 + 61), I e N, and so Qg is contained in G2. The remaining elements 
of H are of order 3 or 6, and since n = 4 mod 6, lie in Gj. So if n =4 mod 12 (resp. 
n = 10 mod 12) then H lies in Gq u Gi (resp. G2 u Gi) and meets both Gq (resp. G2) and 
Gi. 

From this, we deduce immediately the following: if H is isomorphic to Z3 or Z5 
then it is contained in Gi, and if it is isomorphic to Z4 or Qg then it is contained in Gq if 
n = 4 mod 12, and in G2 if n = 10 mod 12. 

(c) Suppose that H is a subgroup of a copy of / when / is maximal, so n = 0, 2, 12, 20 mod 
30. Assume first that H ^ I. So I has a subgroup isomorphic to Ti, whose copy of Qs 
lies entirely in Gq or G2. The subgroups of order 8 of H are its Sylow 2-subgroups, so 
are conjugate, and thus all lie either in Gq or in G2. Hence from the analysis of the di- 
cyclic case, 2 divides | or Further, all elements of H of order 4 are contained in one 
of its subgroups isomorphic to Qs (because the order 2 elements of A5 are the product 
of two transpositions, and are contained in a subgroup isomorphic to Z2 © Z2, which 
lifts to Qs in I). Hence all order 4 elements of H lie either in Gq if 4 | n, or in G2 if 
4 I n — 2. The remaining elements of H are of order 3, 6, 5 and 10, and lie in either Gq or 
G2 depending on the value of n modulo the order. Thus H lies entirely in Gq (resp. G2) 
if n = mod 60 (resp. n =2 mod 60), and lies in Gq u G2 and meets both Gq and G2 if 
n = 12, 20, 30, 32, 42, 50 mod 60. 

We now consider the other possibilities for subgroups of I: if H is isomorphic to 
either Z3 or Z^, it is contained in Gq if n = 0, 12 mod 30, and in G2 if n = 2, 20 mod 30; 
if H is isomorphic to either Z5 or Zio, it is contained in Gq if n = 0, 20 mod 30, and 
in G2 if n = 2, 12 mod 30; and if H is isomorphic to either Z4 or Qs, it is contained 
in Go if n = 0,12,20,32 mod 60, and in G2 if n = 2,30,42,50 mod 60. Next, if H is 
isomorphic to Ti, it consists of a copy of Qs and elements of order 3 and 6, so lies 
in Go if n = 0, 12 mod 60, in G2 if n = 2, 50 mod 60, and lies in Gq u G2 and meets 
both Go and G2 if n = 20, 30, 32, 42 mod 60. Now suppose that H is isomorphic to 
Dici2 = Z3 X Z4 = Zg ]J T^Zg. Since the elements of T^Zg are of order 4, it follows from 
the analysis of the cyclic subgroups that H satisfies the same conditions as in the case 
of Ti. Finally, if H is isomorphic to Dic2o = Z5 x Z4 = Zig O since the elements 

of T„Zio are of order 4, it follows from the analysis of the cyclic subgroups that H lies 
in Gq if n = 0, 20 mod 60, in G2 if n = 2, 42 mod 60, and lies in Go u G2 and meets both 
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Go and G2 if n = 12, 30, 32, 50 mod 60. 

(d) Suppose that H is a subgroup of a copy of Oi when Oi is maximal, so n = 0, 2 mod 
6. Assume first that H ^ Oi. Then it has a subgroup isomorphic to Ti (which is unique 
since S4 has a unique subgroup abstractly isomorphic to A4), and the copy of Qg lying 
in Ti lies entirely in Gg if n = 0, 8 mod 12, and in G2 if n = 2, 6 mod 12. The complement 
of this copy of Qg in Ti consists of elements of order 3 and 6, and so lie in Gq ii n = 
mod 6 and in G2 if 7^ =2 mod 6 (thus the subgroups of Oi isomorphic to Z3 and 
lie in Go if 7^ = mod 6 and in G2 if =2 mod 6). Thus Ti lies in Go if 7t =0 mod 12, in 
G2 if 71 = 2 mod 12, and lies in Gq u G2 and meets both Go and G2 if 7t = 6, 8 mod 12. 

In order to analyse the remaining possible subgroups Q15, Dici2, Dic2o of Oi, as 
well as the other copy of Qg lying in Q^g, we must study the elements of H\Ti. They 
project to elements of S4\A4, which are either 4-cycles, or transpositions. We analyse the 
geometric formulation of Oi described in Section |3] as being obtained from the action 
of S4 on a cube, with the n strings attached appropriately. The 4-cycles are realised 
by rotations by n/2 about an axis which passes through the centres of two opposite 
faces. This gives rise to an element of Gg if the n marked points are not these central 
points (i.e. if n = 0, 8 mod 12), and to elements of G2 if some of the n marked points 
are central points of the faces (i.e. if n = 2, 6 mod 12). The transpositions are realised 
by rotations by n about an axis which passes through the centres of two diagonally- 
opposite edges. This gives rise to an element of Go if there are an even number of 
marked points on each edge (i.e. if n = 0, 6, 8, 14 mod 24), and to elements of G2 if there 
are an odd number of marked points on each edge (i.e. if n = 2,12,18,20 mod 24). 
Putting together these results with those for Ti, if H ^ Oi, we conclude that it lies in Go 
if n = mod 24, in G2 if n = 2 mod 24, and lies in Go u G2 and meets both Go and G2 if 
n = 6, 8, 12, 14, 18, 20 mod 24. 

Now suppose that H is a subgroup of a copy of Oi isomorphic to Qig. Such sub- 
groups are the Sylow 2-subgroups of Oi, so are conjugate. If n = mod 24 (resp. 
n = 2 mod 24) then Oi lies in Gq (resp. G2), and hence so does Qig. So suppose that 
n ^ 0, 2 mod 24. Any subgroup of Oi isomorphic to Q16 contains elements of order 8 
which lie in Oi\Ti, and so are associated with the above 4-cycles. Further, H projects 
to a subgroup of S4 isomorphic to Dg which is generated by a 4-cycle and a transposi- 
tion. Studying the associated rotations as above, if one has fixed points and the other 
not then automatically H lies in Go u G2 and meets both Go and G2. This occurs when 
n = 6, 12, 14, 20 mod 24. So suppose that n = 8, 18 mod 24. 

If n = 8 mod 24 (resp. n = 18 mod 24) then the elements of H corresponding to the 
4-cycles and the transpositions of Dg belong to Go (resp. G2). Further, the remaining 
elements of Dg are products of such elements, and so the corresponding elements in 
H are also elements of Ti = Qg x Z3 of order 4. But such elements lie in the Qg- 
factor. Since n = 8 mod 12 (resp. n = 6 mod 12), this copy of Qg lies in Gq (resp. 
G2), and hence so does the given subgroup Qig. Summing up, H lies in Go if n = 
0, 8 mod 24, in G2 if = 2, 18 mod 24, and lies in Go u G2 and meets both Gq and G2 if 
n =6,12,14,20 mod 24. 

Now suppose that H is a subgroup of a copy of Oi isomorphic to Dici2. If n = 
mod 24 (resp. n = 2 mod 24) then Oi lies in Gq (resp. G2), and hence so does H. So 
suppose that n ^ 0, 2 mod 24. Any subgroup of Oi isomorphic to H projects onto a 
subgroup of S4 isomorphic to S3 which consists of 3-cycles and transpositions. Hence 
H is generated by an element of order 4 lying in Oi\ri, and an element of order 6, 



16 



which lies in T^. The first element belongs to Gq if n = 6,8,14 mod 24 and to G2 if 
n = 12, 18,20 mod 24, while the second element belongs to Gq ii n = 6, 12, 18 mod 24 
and to G2 if n = 8, 14, 20 mod 24. Hence if n = 8, 12, 14, 18 = 24 then H lies in Go u G2 
and meets both Gq and G2. The product of the two given generators is also of order 
4 and so lies in Gq if n = 6 mod 24, and in G2 if n = 20 mod 24. Thus H lies in Gq if 
n = 0,6 mod 24, in G2 if ?^ = 2, 20 mod 24, and lies in Gq u G2 and meets both Gq and 
G2 if n = 8, 12, 14, 18 mod 24. 

Now suppose that H is a subgroup of a copy of Oi isomorphic to Z4. There are 
two possibilities. If it is contained in the copy of Qg lying in the subgroup Ti, from the 
results for Qg, we see that H lies in Gq if ?^ = 0, 8 mod 12, and in G2 if ?^ = 2, 6 mod 12. 
The second possibility is that H possesses elements in Oi\ri, and emanates from the 
rotation of order 2 whose permutation is a transposition. Thus it is contained in Gq if 
n = 0, 6, 8, 14 mod 24, and to G2 if n = 2, 12, 18, 20 mod 24. 

Finally, suppose that H is a subgroup of a copy of Oi isomorphic to Qg. Again there 
are two possibilities. If H lies in the subgroup Ti, it is contained in Gq if n = 0, 8 mod 12, 
and to G2 if n = 2, 6 mod 12. The second possibility is that it projects to a subgroup of 
S4 generated by two transpositions having disjoint support. Such a subgroup thus has 
four elements of order 4 in Oi\ri and two in Ti. From the results obtained in the case 
of Z4, we see that H lies in Gq if n = 0, 8 mod 24, in G2 if ?^ = 2, 18 mod 24, and lies in 
Go u G2 and meets both Go and G2 if n = 6, 12, 14, 20 mod 24. 



5 Realisation of finite groups as subgroups of the lower 
central and derived series of B„(S^) 



In this section, we consider the realisation of the finite subgroups of Theorem |3] as sub- 
groups of the lower central (B„ (S^)) and derived series (B„ (§2)(')) of B„ (S^). By |GG4J, 
we already know that if 4 | n then F2 (B„ (S^)) has a subgroup isomorphic to Qg. Un^4: 
is even but not divisible by 4, we may ask if the same result is true if 4 | n. We start by 
proving Theorem [61, which is the case of the dicyclic groups. We then then complete the 
analysis of the other finite subgroups in Proposition [T6l 

Proof of Theorem\6\ Suppose that n is even. Let N e {n — 2,n}, set N = 2'fc where I e N 
and k is odd, and let x = ocq (resp. x = 0.00.20.^^) if N = n (resp. N = n — 2). 

(a) Since B„(S^) has a subgroup (x, Ty,} isomorphic to Dic4]v = Dic2(+2jt/ the statement 
is true for ; = 0. So suppose the result holds for some ; e {0, 1, . . . , I — 1}. Then B„(S^) 

contains 2^ copies of Dic2;+2-;^ of the form /x'^',x'-Tn \ for i = 0, 1, ... ,2-' — 1. Hence 



□ 




is a subgroup of <^ x , x'T„ \ isomorphic to Dic2/+i-;fc. 




But since 




and 



it follows that (^x^'^\ T„ ^ 



is also a subgroup of / x^' , x^Tn > isomorphic to Dic2/+i-;- 
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If q is any divisor of k, then replacing x by x*? yields also 21 copies {^x^^*?, x"?T„^, 

z = 0, 1, . . . , 2^' - 1, of Dic2;+2-;>/g for ; e {0, 1, . . . , I}. 

If j = 0, the statement holds trivially So suppose that ; ^ 1. From part (taj, 

x^'*?, x"?T„\ and /x^^'?, x'''?r„\ are subgroups of B„(§^) isomorphic to Dic2/+2-;^/^. Un- 



der the Abelianisation homomorphism ^ : B„ (S^) — > ^2(n-l)/ ^(^) = — 1/ and 



1 , ^ , 10 if I is even 



1 if I is odd. 



^{Tn) = ^(((Ti • --(rn-i) ■ ■ ■ (cri(r2)(7i) = -n{n - 1) 
Since j ^ 1, ^(x^^*?) = 0. Furthermore, 

V / In-l if I + z IS odd. 

So (x^'^x'^n^ cz T2{Bn{S^)) if and only if f + z is even. Thus if i - i' is odd, the 

subgroups (x^''^, x^'^Tn^ and (^x'^'^, x''^Tn^ cannot be conjugate. But by Proposition |5l|b]), 
these are precisely the conjugacy classes of subgroups isomorphic to Dic2!+2-;j;-/^. The 
result follows. 

□ 

From this, we may deduce Proposition [71 

Proof of Proposition^ We use the notation of the proof of Theorem [6l If ; = and q is 
an odd divisor of n then there is just one conjugacy class of the abstract group Dic4„/g, 
which is realised as (x^, Tn). Now x^ ^ r2(B„(§^)), so Dic^^/q 't- ^liBni^'^))- 

If y ^ 1 then as we saw in the proof of Theorem^ <^x2^'?,x''?T„^ c r2(B„(S2)) if and 

only if ^ + z is even. So with i = 0, 1, one of <yx'^'^, and (^x'^'^, x'^Tn^ is contained in 

r2(B„(§^)), while the other is not. 

Finally, let N be the element of {n, n —2} divisible by 4. Then I ^ 2, and taking q = k 

and j = I — 1, from the previous paragraph, one of <^x^/^, and <^x^/^, x^Tn^ (the 

two non-conjugate copies of Qg) belongs to r2(B„ (§^)), the other not. □ 

We now give the analogous result for the cyclic and binary polyhedral subgroups of 

B„(§2). 

Proposition 16. Let G be a finite subgroup ofBn{S'^). 
(a) Suppose that G is cyclic. 

(i) IfG is of order 2, then G c r2(B„(§^)) if and only ifn is even. 

(ii) Suppose that G is of order greater than or equal to 3. Then either: 

- \G\ divides 2{n — 1) in which case G cj: r2(B„(S^)), or 

- \G\ divides 2(n — i), where i e {0,2}. In this case, G c r2(B„(S^)) if and only if\G\ divides 
n — i. 



18 



(b) Suppose that G is a subgroup of order at least 3 of some binary polyhedral subgroup H of 

(i) Suppose that H ^ Ti in the case that Ti is maximal. Then G cz T2{Bn{^'^)) ifG^ Z4, Qg, 
andG<^ r2(B„(S2)) ifG ^ Zo„Ze,Ti. 

(ii) Suppose that H ^ I in the case that I is maximal. Then G c r2(B„(§^)). 

(Hi) Suppose that H ^ Oi in the case that Oi is maximal. If G is contained in the subgroup 
Kof H isomorphic to T^ then G cz r2(B„(§2)). If G <^ K then G c r2(B„(§2)) if n = 
0,2,8,18 mod 24, and G cj: r2(B„(S2)) ifn = 6,12,14,20 mod 24. 

Proof We set T2 = r2(B„ (S^)). if G is of order 2, then G = <A„> and as ^(A„) = n(n -1), 
it follows easily that G r2 if and only if n is even. We assume from now on that 
I G I ^3. Since T2 is normal in Bn (S^)/ we may work up to conjugation. 

First suppose that G is cyclic. Then by Theorem [H it is conjugate to a subgroup of 

(o-i} for some i e {0, 1, 2}. If z = 1 then ^(a^^) = jn for all ; g Z. If e T2 then there exists 
k e Z such that jn = 2k{n — 1), thus n — 1 \ j, and so ; = l{n — 1) for some / e Z. But 

then a{ = Di-^^~^^ e (An). We conclude that (ai) n r2 c <A„). Hence G c|; r2. 

Suppose then that G is conjugate to a subgroup of (a,), where z = 0,2. Set k = \G\. 

Then ^(oci) = n — l,k \ 2{n — i), and up to conjugacy G = {^a;^''""'-''^*^^ So G c r2 if and 

only if 2(n — z)//c is even, which is equivalent to A: | n — i. Thus if G is conjugate to a 
subgroup of ((Xi), where i = 0, 2, we have: 

G c r2 \G\ \ n — i. (6) 

Now suppose that H is isomorphic to Ti in the case that Ti is maximal, so that 
n = 4 mod 6. If G is isomorphic to Ti, Zg or Z3 then the order 3 elements lie in Gi\ (A„), 
and from the cyclic case, it follows that G T2. So assume that G is isomorphic to 
either Z4 or Qg. Since Qg is generated by elements of order 4, it suffices to analyse the 
case Z4. By Proposition [T5l G lies in Go if ?^ = 4 mod 12, and in G2 if ?^ = 10 mod 12. In 
both cases, G c r2 by equation ((S)). 

Now suppose that H is isomorphic to J in the case that I is maximal, so that n = 
0, 2, 12, 20 mod 30. We claim that G <^ r2 whatever the value of n. To see this, it suffices 
to check that all of the maximal cyclic subgroups Z4, Z6, Zio of I are contained in r2. 
This follows easily from Proposition [15] and equation ([6]). 

Now suppose that H is isomorphic to Oi in the case that Oi is maximal, so that n = 

0. 2 mod 6. Again it suffices to consider the maximal cyclic subgroups Z4, Zg and Zg of 

01. Applying Proposition [TSl and equation ((6]), we obtain the following results: 

- if G is isomorphic to Zg, it projects to a subgroup of S4 generated by a 4-cycle. Then 
G Go if zt = 0, 8 mod 12, and G c G2 if n = 2, 6 mod 12, and so G c r2 if n = 
0, 2, 8, 18 mod 24, and G r2 if n = 6, 12, 14, 20 mod 24. 

- if G is isomorphic to Z(, then G <^ r2. 

- if G is isomorphic to Z4, there are two possibilities. If G lies in the subgroup K of Oi 
isomorphic to Ti then G c r2. Otherwise G is generated by an element of order 4 not 
belonging to K, in which case we obtain the same answer as for Zg. 

Since every cyclic subgroup of order 3 of Oi is contained in one of order 6, this gives 
the results if G is cyclic. Suppose now that G = K. Then G is generated by the elements 
of order 6 and the elements of order 4 belonging to K, so G <^ T2. 
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If G is abstractly isomorphic to Q15 then it is generated by elements of order 8, 
elements of order 4 lying in K, and elements of order 4 not lying in K. From above, we 
have that G c r2 if n = 0, 2, 8, 18 mod 24, and G 12 if n = 6, 12, 14, 20 mod 24. 

If G is abstractly isomorphic to Qg then there are two possibilities: either G lies in 
K, so is contained in T2, or else it is generated by elements of order 4 not belonging 
to K. In this case, from above, G c r2 if n = 0,2,8,18 mod 24, and G cj: r2 if n = 
6,12, 14,20 mod 24. 

Finally, suppose that G is abstractly isomorphic to Dici2. Then it projects to a copy 
of S3 in S4. From above, it follows that G c r2 if n = 0,2,8, 18 mod 24, and G c|: r2 if 
n = 6, 12, 14, 20 mod 24. □ 

Remark 17. Having dealt with the behaviour of the finite subgroups relative to the 
commutator subgroup of B„(§^), one might ask what happens for the higher elements 

of the lower central series {F, (B„ }„gp^ and of the derived series | (B„ (S^)) '^^^ | ^ of 

B„(§^). But if n 7^ 2 (resp. n ^ 5), the lower central series (resp. derived series) of B„(S^) 
is stationary from the commutator subgroup onwards |GG3| . It just remains to look at 
the derived series of B4(§2). Recall from that paper that (B4(§^))(^) is a semi-direct 
product of Qg by a free group F2 of rank two, that (B4(S2))(2) is a semi-direct product of 
Qs by the derived subgroup (F2)(^) of F2, that (B4(S2))(3) is the direct product of <A4> 
by (F2)(2), and that (B4(S2))('+i) ^ (F2)(') for all i ^ 3. Thus there is a copy of Qg which 
lies in (B4(S2))(2) but not in (B4(§2))(3). The full twist remains until {B^{E>'^))^^\ and then 
(B4(S2))(4) is torsion free. 



6 A proof of Murasugi's theorem 

Let Hi, H2 be isomorphic finite cyclic subgroups of A^o,w- From TheoremUl if n is odd, 
or if n is even and |Hi| = IH2I 7^ 2 then Hi and H2 are conjugate. If n is even, there 
are exactly two conjugacy classes of subgroups of A1o,w of order 2, and thus there are 
exactly two conjugacy classes of subgroups of B„(§^) of order 4. 
It follows from Section |2] that: 

Proposition 18. Let Gi, G2 be isomorphic finite cyclic subgroups of order m ofBn{SP-). Ifn 
is odd, or if n is even and m ^ 4 then Gi and G2 are conjugate. If n is even, there are exactly 
two conjugacy classes of subgroups ofBn(S>^) of order 4. □ 

If n is even then aQ^'^ and oc^^ ^^'^^ are of order 4, and they generate non-conjugate 
subgroups since their images in S„ are not conjugate, which yields the two conjugacy 
classes of Z4 of Proposition [TSl From this, we may deduce TheoremUl 

Proof of Theorem^ Let x e B„(S^) be a torsion element. Then (x) is contained in a max- 
imal cyclic subgroup C of one of the maximal finite subgroups G of B„(§^) given by 
Theorem |3l 

First suppose that n is odd. Then G is one of Z2(„_i), Dic4„ and Dic4(„_2), and so C 
must be one of '1^2{n-i)> ^2n/ ^2(n-2) arid Z4. Hence C is isomorphic to (txi}, (^o), (oi2) 

and <^a:["~^'''^^^ respectively. So by Proposition [T8l x is conjugate to a power of one of 
ocq, ai and 0.2 which proves the theorem in this case. 
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Now suppose that n is even. If C ^ Z4 then C is conjugate to one of /(x^^'^\ or 



Oi 



{n-2)/2y 



, and the result holds. So suppose that C ^ Z4. If G is one of Z2(„_i), Dic4„ 

and Dic4(„_2), then C is one of Z2(„_i), Z2H, Z2(„_2), and so is isomorphic to (ai), <fl:o), 
and (0:2) respectively. If G = Ti (so n = 4 mod 6) then C ^ Zg, and so is conjugate to 

If G = Oi (so n =0,2 mod 6) then C ^ Zg or C ^ Zg, and so is conjugate to 

^ag^"^^ or ^0:2""^^'^'^^ Finally, if G = 7 (so n = 0,2, 12,20 mod 30) then C is isomorphic 

to one of Z5 or Ziq. If C ^ Zg then C is conjugate to {^^q^'^^ if n = 0,12 mod 30 or 

to <^a;^"~^^^^^ if n = 2,20 mod 30. If C ^ Ziq then C is conjugate to (^^q^^^ if n = 

0,20 mod 30 or to (^a.^^ ^-'^^^ if n = 2, 12 mod 30. In all cases, x is conjugate to a power 
of one of (Xq, ixi and 1x2, which completes the proof of the theorem. □ 
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